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Optimization methods 656. Hiriart-Urruty J.-B., Lemar�ehal C. Convex Analysis and Minimi-zation Algorithms. Berlin: Springer-Verlag, 1993.7. Burke J.V. An exat penalization viewpoint of onstrained optimi-zation // SIAM J. Control and Optimization. 1991. V. 29(4).P. 968-998.8. Strekalovsky A.S. On Solving Optimization Problems with HiddenNononvex Strutures // Optimization in Siene and Engineering(ed. by T.M. Rassias, C.A. Floudas, S. Butenko). New York: Sprin-ger, 2014. P. 465�502.9. Strekalovsky A.S. Elements of nononvex optimization.Novosibirsk: Nauka, 2003 (in Russian).Solving quadrati equation systemsvia nononvex optimization methods∗A.S. Strekalovsky, M.V. Yanulevih, and M.V. BarkovaMatrosov Institute for System Dynamis and Control Theoryof the Siberian Branh of RAS , Irkutsk, RussiaConsider the following system of quadrati equations [8℄:
fi(x) =

1

2
〈x,Cix〉+ 〈di, x〉+ γi = 0, i = 1, 2, . . . ,m, (1)where Ci, i = 1,m, are, in general, inde�nite (n× n)-matries suh that

Ci = Ai −Bi, Ai, Bi > 0 ∀i ∈ {1, 2, . . . ,m}.Further, we redue system (1) to nonsmooth optimization problemas follows:
(P) : F (x) =

m∑

i=1

|fi(x)| = G(x) −H(x) ↓ min
x
, x ∈ IRn, (2)where objetive funtion F (·) is the (d..) funtion [1,2,6℄, whih anbe represented as a di�erene of two onvex funtions. For instane, weonsider two d.. representation (j = 1, 2) of the form

F (x) = Gj(x)−Hj(x) ∀x ∈ IRn. (3)
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66 Optimization methodsHere the �rst d.. representation (3) is given by the funtions:
G1(x) = 2

m∑
i=1

max{ 1
2 〈x,Aix〉+ 〈di, x〉+ γi,

1
2 〈x,Bix〉},

H1(x) =
m∑
i=1

[
1
2 〈x, (Ai +Bi)x〉 + 〈di, x〉+ γi

]
.Further, The seond d.. representation is as follows:

G2(x) =
m∑
i=1

max{〈x,Aix〉+ 〈di, x〉+ γi, 〈x,Bix〉 − 〈di, x〉 − γi},

H2(x) =
1
2

m∑
i=1

〈x, (Ai +Bi)x〉.Note that in both d.. representations (3) the funtions Gj(·), j = 1, 2,are nonsmooth and funtions Hj(·), j = 1, 2, are di�erentiable.Proposition 1. If z is a solution to problem (P) and F (z) = 0,then z is a solution to system (1).For solving optimization problem (P) we apply the Global SearhTheory [1,2℄ based on neessary and su�ient global optimality ondi-tions. Note that global searh method inludes two prinipal parts:loal searh and proedures of improving a ritial point z ∈ IRn (i.eproedures for funding a point u ∈ IRn suh that F (u) < ζ, where
ζ := F (z)) provided by a loal searh method.To this end for a �xed vetor y ∈ IRn it is neessary to solvethe following nonsmooth onvex auxiliary (partially linearized) problem(both on every step of the speial loal searh method and on the stageof improving a ritial point):
(PL(y)) : Φy(x) = Gj(x) − 〈∇Hj(y), x〉 ↓ min

x
, x ∈ IRn, j = 1, 2.In order to perform it, we solve the nonsmooth problem (PL(y))via the smooth onvex problem, inreasing the dimension from n upto (m + n). For the �rst ase of d.. representation (3) the problem

(PL(y)) is redued to the following smooth onvex optimization problemwith quadrati inequality onstraints:




θy(x, t) = 〈e, t〉 − 〈∇H1(y), x〉 ↓ min
(x,t)

, (x, t) ∈ IRn+m,

1

2
〈x,Aix〉+ 〈di, x〉+ γi ≤

ti
2
,

〈x,Bix〉 ≤ ti, i = 1, 2, . . . ,m,

(4)



Optimization methods 67where e = (1, 1, . . . , 1)⊤ ∈ IRm and the gradient of H1(·) at point y ∈ IRnis as follows
∇H1(y) =

m∑

i=1

(Ai +Bi)y +

m∑

i=1

di.In addition, for the seond d.. representation we employ anothersmooth onvex optimization problem:




θy(x, t) = 〈e, t〉 − 〈∇H(y), x〉 ↓ min
(x,t)

, (x, t) ∈ IRn+m,

〈x,Aix〉+ 〈di, x〉+ γi ≤ ti,
〈x,Bix〉 − 〈di, x〉 − γi ≤ ti, i = 1, 2, . . . ,m,

(5)where
∇H2(y) =

m∑

i=1

(Ai +Bi)y.The omputational experiments were arried out on test problems [9℄with dimension up to 100. For solving smooth auxiliary problem (4) and(5) we apply existing methods and software (for instane, IBM ILOGCPLEX) for smooth onvex optimization [3-5℄. In addition, we omparethe e�etiveness of developed algorithms with rather popular solvers, forinstane [7℄. Referenes1. Strekalovsky A.S. Elements of Nononvex Optimization.Novosibirsk: Nauka, 2003 (in Russian).2. Strekalovsky A.S. On Solving Optimization Problems with HiddenNononvex Strutures. In: Rassias, T.M., Floudas, C.A., Butenko,S. (eds.) Optimization in Siene and Engineering. New York:Springer, 2014. P. 465�502.3. Noedal J., Wright S.J. Numerial Optimization. New York: Sprin-ger, 2006.4. Bonnans J.-F., Gilbert J.C., Lemar�ehal C., Sagastiz�abal C.A.Numerial Optimization: Theoretial and Pratial Aspets, 2ndedn. Berlin, Heidelberg: Springer-Verlag, 2006.5. Izmailov A.F., Solodov M.V. Newton-Type Methods for Optimiza-tion and Variational Problems. New York: Springer, 2014.6. Hiriart-Urruty J.-B. Generalized Di�erentiability, Duality andOptimizaton for Problems dealing with Di�erene of ConvexFuntions. In: Ponstein, J. (ed.) Convexity and Duality in



68 Optimization methodsOptimization. Leture Notes in Eonomis and Mathem. Systems.V.256. Berlin: Springer-Verlag, 1985. P. 37�69.7. Bellavia S., Maoni M., Morini B. STRSCNE: A Saled TrustRegion Solver for Constrained Nonlinear Equations // COAP.2004. V. 28, �. 1. P. 31�50.8. Ortega J.M., Rheinboldt W.C. Iterative Solution of NonlinearEquations in Several Variables. New York: Aademi Press, 1970.9. Roose A., Kulla V., Lomp M., Meressoov T. Test examples ofsystems of non-linear equations. Tallin: Estonian Software andComputer Servie Company, 1990.Variant of simplex-like method for linearsemi-de�nite programming problem∗V.G. ZhadanDorodniyn Computing Centre, FRC CSC RAS, Mosow, RussiaLet Sn denote the spae of symmetri matries of order n, and let Sn
+be the one in Sn, onsisting of positive semi-de�nite matries. We usealso the inequality M � 0 to indiate that a matrix M belongs to Sn
+.The inner produt of matries M1 and M2 of the same size is de�ned asthe trae of the matrix MT

1 M2 and is denote by M1 •M2.The linear semi-de�nite programming problem is to �nd
min C •X,

Ai •X = bi, i = 1, . . . ,m, X � 0,
(1)where the matries C ∈ Sn and Ai ∈ Sn, 1 ≤ i ≤ m, are given. ThematrixX ∈ Sn is a variable. We assume that the matries Ai, 1 ≤ i ≤ m,are linear independent.The problem dual to (1) has the form

max bTu,∑m
i=1 u

iAi + V = C, V � 0,
(2)where b = [b1, . . . , bm], V ∈ Sn.Let n△ = n(n+1)/2/ be the n-th triangular number. Let also vehXdenote the diret sum of parts of olumns of X ∈ Sn beginning with thediagonal entry. The dimension of vehX is equal to n△. The operation
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