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ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ

Ðàññìàòðèâàåòñÿ ëèíåéíàÿ íåñòàöèîíàðíàÿ ñèñòåìà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé ñ èíòåðâàëüíûìè êîýôôèöèåíòàìè. Ïðåäïîëàãàåòñÿ, ÷òî ñèñòåìà íå ðàçðåøèìà
îòíîñèòåëüíî ïðîèçâîäíîé èñêîìîé âåêòîð-ôóíêöèè ïðè ëþáûõ ìàòðè÷íûõ êîýôôèöèåí-
òàõ èç çàäàííûõ èíòåðâàëüíûõ ñåìåéñòâ. Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ, ãàðàíòèðóþùèå
ñîõðàíåíèå âíóòðåííåé ñòðóêòóðû ðàññìàòðèâàåìîé ñèñòåìû. Â ïðåäïîëîæåíèÿõ, îáåñïå-
÷èâàþùèõ ñîõðàíåíèå ñòðóêòóðû, ïîëó÷åíû äîñòàòî÷íûå è íåîáõîäèìûå è äîñòàòî÷íûå
óñëîâèÿ ðîáàñòíîé óñòîé÷èâîñòè. Äîïóñêàåòñÿ ïåðåìåííûé ðàíã ìàòðè÷íûõ êîýôôèöèåí-
òîâ è ïðîèçâîëüíî âûñîêèé èíäåêñ íåðàçðåøåííîñòè. Áèáëèîãðàôèÿ: 14 íàçâ.

1. Ââåäåíèå

Ðàññìàòðèâàåòñÿ ñèñòåìà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
A(t)x′(t) +B(t)x(t) = 0, t ∈ I = [0,+∞), (1.1)

ãäå A(t) è B(t) � çàäàííûå (n×n)-ìàòðèöû, x(t) � èñêîìàÿ n-ìåðíàÿ ôóíêöèÿ. Ïðåäïîëàãàåòñÿ,
÷òî det A(t) ≡ 0 íà I. Cèñòåìû òàêîãî ðîäà íàçûâàþòñÿ äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèìè óðàâ-
íåíèÿìè. Âàæíåéøåé õàðàêòåðèñòèêîé äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèõ óðàâíåíèé ÿâëÿåòñÿ
èíäåêñ íåðàçðåøåííîñòè r : 0 6 r 6 n, îòðàæàþùèé ñëîæíîñòü âíóòðåííåé ñòðóêòóðû ñèñòåìû.

Â äàííîé ðàáîòå èçó÷àåòñÿ âîïðîñ îá àñèìïòîòè÷åcêîé óñòîé÷èâîñòè èíòåðâàëüíîãî ñåìåé-
ñòâà äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèõ óðàâíåíèé

(A(t) + ∆A(t))x
′(t) + (B(t) + ∆B(t))x(t) = 0, t ∈ I, (1.2)

ãäå ∆A(t) = (αi,j(t))i,j=1,n è ∆B(t) = (βi,j(t))i,j=1,n � ìàòðèöû íåîïðåäåëåííîñòåé,

|αi,j(t)| 6 g
[0]
i,j(t), |βi,j(t)| 6 h

[0]
i,j(t), i, j = 1, n. (1.3)
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Ìàòðèöû G[0](t) = (g
[0]
i,j(t))i,j=1,n è H [0](t) = (h

[0]
i,j(t))i,j=1,n çàäàþò ìàñøòàáû èçìåíåíèÿ ýëåìåí-

òîâ ìàòðèö A(t) è B(t).
Îñíîâíàÿ òðóäíîñòü, âîçíèêàþùàÿ ïðè èññëåäîâàíèè ðîáàñòíûõ êà÷åñòâåííûõ ñâîéñòâ äèô-

ôåðåíöèàëüíî-àëãåáðàè÷åñêèõ óðàâíåíèé , ñâÿçàíà ñ òåì, ÷òî äàæå â ñëó÷àå èíäåêñà îäèí ïðè
ñêîëü óãîäíî ìàëûõ âîçìóùåíèÿõ êîýôôèöèåíòîâ ìîæåò èçìåíèòüñÿ âèä îáùåãî ðåøåíèÿ, â
ðåçóëüòàòå ÷åãî ñòðóêòóðà è ñâîéñòâà íåâîçìóùåííîé ñèñòåìû (1.1) ìîãóò ïîòåðÿòü äëÿ àíàëèçà
âñÿêîå çíà÷åíèå.

Â ëèòåðàòóðå èìåþòñÿ ðåçóëüòàòû ïî ðîáàñòíîé óñòîé÷èâîñòè è îöåíêå ðàäèóñà óñòîé÷èâî-
ñòè ñòàöèîíàðíûõ äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèõ óðàâíåíèé [1, 2, 3], ïîëó÷åííûå ïîñðåä-
ñòâîì ïðåîáðàçîâàíèÿ ñèñòåìû ê êàíîíè÷åñêîé ôîðìå Êðîíåêåðà � Âåéåðøòðàññà. Â [4] ïîëó÷å-
íû äîñòàòî÷íûå óñëîâèÿ ðîáàñòíîé óñòîé÷èâîñòè äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèõ óðàâíåíèé
ïðîèçâîëüíî âûñîêîãî èíäåêñà íåðàçðåøåííîñòè â óñëîâèÿõ, êîãäà ìàòðèöû íåîïðåäåëåííîñòåé
óäîâëåòâîðÿþò íåêîòîðûì óñëîâèÿì ìàëîñòè ìàòðè÷íûõ íîðì. Â [5, 6, 7] èçó÷àëàñü ïðîáëåìà
ðîáàñòíîé óñòîé÷èâîñòè äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèõ óðàâíåíèé â ñëó÷àå, êîãäà âîçìóùå-
íèå ïðèñóòñòâóåò ëèøü â ìàòðèöå B(t).

×òî êàñàåòñÿ íåñòàöèîíàðíûõ äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèõ óðàâíåíèé, òî èçâåñòíû ðå-
çóëüòàòû äëÿ ñèñòåì èíäåêñà 1 ñ ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè, èñïîëüçóþùèå ïîäõîä, èñ-
ïîëüçóþùèé èíäåêñ íåðàçðåøåííîñòè è áàçèðóþùèéñÿ íà ïîñòðîåíèè ïðîåêòîðîâ íà ÿäðî [8, 9].
Â [10] ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ðîáàñòíîé óñòîé÷èâîñòè íåñòàöèîíàðíûõ
äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèõ óðàâíåíèé ñ èíòåðâàëüíûìè êîýôôèöèåíòàìè äëÿ ÷àñòíî-
ãî ñëó÷àÿ èíäåêñà îäèí (òàê íàçûâàåìûå impuls-free èëè óäîâëåòâîðÿþùèå êðèòåðèþ "ðàíã-
ñòåïåíü").

Â äàííîé ðàáîòå ïîëó÷åíû óñëîâèÿ, ãàðàíòèðóþùèå, ÷òî ââåäåíèå èíòåðâàëüíûõ âîçìóùåíèé
â êîýôôèöèåíòû ñèñòåìû íå íàðóøàåò âíóòðåííþþ ñòðóêòóðó äèôôåðåíöèàëüíî-àëãåáðàè÷åñ-
êèõ óðàâíåíèé . Óñëîâèÿ ðîáàñòíîé óñòîé÷èâîñòè ïîëó÷åíû ñ èñïîëüçîâàíèåì ñòðóêòóðíîé ôîð-
ìû, ïîñòðîåíèå êîòîðîé íîñèò êîíñòðóêòèâíûé õàðàêòåð è ïðèâîäèò ê ñèñòåìå ýêâèâàëåíòíîé
èñõîäíîé ñèñòåìå (1.2) â ñìûñëå ðåøåíèé. Â ïðåäïîëîæåíèÿõ, îáåñïå÷èâàþùèõ ñîõðàíåíèå ñòðóê-
òóðû, ïîëó÷åíû äîñòàòî÷íûå è íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ðîáàñòíîé óñòîé÷èâîñòè.
Äîïóñêàåòñÿ ïðîèçâîëüíî âûñîêèé èíäåêñ íåðàçðåøåííîñòè è ïåðåìåííûé ðàíã ìàòðè÷íûõ êî-
ýôôèöèåíòîâ ñèñòåìû.

2. Còðóêòóðíàÿ ôîðìà äëÿ ñèñòåìû
äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèõ óðàâíåíèé

Áóäåì ïðåäïîëàãàòü, ÷òî â ñèñòåìå äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèõ óðàâíåíèé (1.1) ýëå-
ìåíòû ìàòðèö A(t) è B(t) äîñòàòî÷íîå ÷èñëî ðàç íåïðåðûâíî äèôôåðåíöèðóåìûå íà I ôóíêöèè.
Îïðåäåëèì (n(r + 1)× n) - ìàòðèöû

Br(t) = colon (C0
0B(t), C0

1B
′(t), . . . , C0

rB
(r)(t)),

Ar(t) = colon (C0
0A(t), C

0
1A

′(t) + C1
1B(t), . . . , C0

rA
(r)(t) + C1

rB
(r−1)(t)), (2.1)

(n(r + 1)× nr)-ìàòðèöó

Λr(t) =




O O . . . O

C1
1A O . . . O

C1
2A

′ + C2
2B C2

2A . . . O

...
... . . .

...
C1

rA
(r−1) + C2

rB
(r−2) C2

rA
(r−2) + C3

rB
(r−3) . . . Cr

rA




(2.2)

è (n(r + 1)× n(r + 2))�ìàòðèöó

Dr(t) =
(

Br(t) Ar(t) Λr(t)
)
.



Äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèå óðàâíåíèÿ 33

Çäåñü è äàëåå Cj
i = i!/j!(i− j)! � áèíîìèàëüíûå êîýôôèöèåíòû, è äëÿ ëþáîé äîñòàòî÷íî

ãëàäêîé ôóíêöèè

ξ(i)(t) =
( d

dt

)i

ξ(t).

Äîïóñòèì, ÷òî äëÿ íåêîòîðîãî r (0 6 r 6 n) âûïîëíÿåòñÿ óñëîâèå rankΛr(t) = λ = const äëÿ âñåõ
t ∈ I è â ìàòðèöå Dr(t) èìååòñÿ îáðàòèìàÿ äëÿ âñåõ t ∈ I ïîäìàòðèöà Mr(t) ïîðÿäêà n(r + 1),
âêëþ÷àþùàÿ â ñåáÿ λ ñòîëáöîâ ìàòðèöû Λr(t) è âñå ñòîëáöû ìàòðèöû Ar(t). Áóäåì íàçûâàòü
det Mr(t) ðàçðåøàþùèì ìèíîðîì.

Ðàçîáüåì ìàòðèöû A(t) è B(t) íà áëîêè

(A1(t) A2(t)) = A(t)Q, (B1(t) B2(t)) = B(t)Q, (2.3)

ãäå Q � ìàòðèöà ïåðåñòàíîâîê ñòîëáöîâ òàêàÿ, ÷òî âñå ñòîëáöû ìàòðèöû

B2,r(t) = colon (C0
0B2(t), C

0
1B

′
2(t), . . . , C

0
rB

(r)
2 (t))

âõîäÿò â ðàçðåøàþùèé ìèíîð ìàòðèöû Dr(t), à ñòîëáöû ìàòðèöû

B1,r(t) = colon (C0
0B1(t), C

0
1B

′
1(t), . . . , C

0
rB

(r)
1 (t)) (2.4)

íå âõîäÿò â ýòîò ìèíîð. Áëîêè B2(t) è A2(t) èìåþò ðàçìåðû n × d, d = nr − λ. Î ïîñòðîåíèè
ìàòðèöû Q ñì. [4].

Îáîçíà÷èì

Γr(t) = Dr(t) diag

{
Q

(
O

Ed

)
, Q, . . . , Q

}
=

(
B2,r(t) Ar(t)Q Λr(t)Qr

)
, (2.5)

ãäå Ed � åäèíè÷íàÿ ìàòðèöà ïîðÿäêà d, çàïèñü diag {P1, . . . , Ps} îáîçíà÷àåò êâàçèäèàãîíàëüíóþ
ìàòðèöó, íà ãëàâíîé äèàãîíàëè êîòîðîé ðàñïîëîæåíû áëîêè, ïåðå÷èñëåííûå â ñêîáêàõ, îñòàëü-
íûå ýëåìåíòû íóëåâûå, áëî÷íàÿ ìàòðèöà

Qr = diag {Q, . . . , Q}
èìååò íà ãëàâíîé äèàãîíàëè r áëîêîâ ðàâíûõ Q.

Îïðåäåëåíèå 2.1. Íàèìåíüøåå çíà÷åíèå r, ïðè êîòîðîì â ìàòðèöå Dr(t) íàéäåòñÿ ðàçðåøà-
þùèé ìèíîð, íàçûâàåòñÿ èíäåêñîì íåðàçðåøåííîñòè ñèñòåìû äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèõ
óðàâíåíèé (1.1).

Ëåììà 2.1 (ñì. [11]). Ïðåäïîëîæèì, ÷òî
1) A(t), B(t) ∈ Cr(I),
2) rankΛr(t) = λ = const äëÿ âñåõ t ∈ I,
3) â ìàòðèöå Dr(t) èìååòñÿ ðàçðåøàþùèé ìèíîð.
Òîãäà ñóùåñòâóåò îïåðàòîð

R = R0(t) +R1(t)
d

dt
+ . . .+Rr(t)

( d

dt

)r

, (2.6)

ãäå Rj(t) ∈ C(I) � (n× n)-ìàòðèöû (j = 0, r), òàêîé, ÷òî

R[A(t)ξ′(t) +B(t)ξ(t)] = (R0(t) R1(t) . . . Rr(t))Dr(t)colon (ξ(t), ξ
′(t), . . . , ξ(r+1)(t))

=

(
O O

En−d O

)
Q−1ξ′(t) +

(
J1(t) Ed

J2(t) O

)
Q−1ξ(t) (2.7)

äëÿ ëþáîé n-ìåðíîé ôóíêöèè ξ(t) ∈ Cr+1(I), J1(t) è J2(t) � íåêîòîðûå ìàòðèöû ñîîòâåòñòâó-
þùèõ ðàçìåðîâ.

Ïðÿìûì ñëåäñòâèåì ëåììû 2.1 ÿâëÿåòñÿ ñëåäóþùèé ðåçóëüòàò.
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Ïðåäëîæåíèå 2.1. Ïóñòü âûïîëíåíî óñëîâèå 1) ëåììû 2.1. Îïåðàòîð âèäà (2.6), îáëàäà-
þùèé ñâîéñòâîì (2.7), ñóùåñòâóåò òîãäà è òîëüêî òîãäà, êîãäà àëãåáðàè÷åñêàÿ ñèñòåìà

(R0(t) R1(t) . . . Rr(t))Γr(t) = (En O . . . O), (2.8)

èìååò ðåøåíèå Rj(t) ∈ C(I) (j = 0, r). Ìàòðèöà Γr(t) îïðåäåëåíà â (2.5).

Ïîêàæåì, ÷òî â óñëîâèÿõ ëåììû 2.1 êîýôôèöèåíòû îïåðàòîðà (2.6), (2.7) ìîãóò áûòü íàé-
äåíû ïî ôîðìóëå

(R0(t) R1(t) . . . Rr(t)) = (En O . . . O)M−1
r (t). (2.9)

Îáîçíà÷èì QΛ ìàòðèöó ïåðåñòàíîâîê ñòîëáöîâ, òàêóþ, ÷òî
Λr(t)QrQΛ = (Λ[1]

r (t) Λ[2]
r (t)). (2.10)

Çäåñü è äàëåå Λ
[1]
r (t) � ìàòðèöà ðàçìåðà n(r + 1) × λ, ñîñòîÿùàÿ èç ñòîëáöîâ ìàòðèöû Λr(t),

êîòîðûå âõîäÿò â ðàçðåøàþùèé ìèíîð; Λ[2]
r (t) � ìàòðèöà ðàçìåðà n(r+1)× (nr−λ), ñîñòîÿùàÿ

èç ñòîëáöîâ, êîòîðûå íå âõîäÿò â óïîìÿíóòûé ìèíîð. Òîãäà

M−1
r (t)Dr(t)Qr+2 diag {E2n, QΛ} =




J1(t) Ed O O O K1(t)
J2(t) O En−d O O K2(t)
J3(t) O O Ed O K3(t)
J4(t) O O O Eλ K4(t)


 , (2.11)

ãäå Ji(t), Ki(t) (i = 1, 2, 3, 4) � ìàòðèöû ñîîòâåòñòâóþùèõ ðàçìåðîâ.
Ïðè ýòîì M−1

r (t)Γr(t) diag {En+d, QΛ} � ýòî ìàòðèöà, ðàñïîëîæåííàÿ â (2.11) ïðàâåå îäè-
íî÷íîé âåðòèêàëüíîé ëèíèè, ìàòðèöà M−1

r (t)Λr(t)QrQΛ ðàñïîëîæåíà â (2.11) ñïðàâà îò äâîéíîé
÷åðòû.

Ïîñêîëüêó rankΛr(t) = λ äëÿ âñåõ t ∈ I, èìååì rankM−1
r (t)Λr(t)QrQΛ ≡ λ íà I. Íà ýòîì

îñíîâàíèè çàêëþ÷àåì, ÷òî K1(t) ≡ O, K2(t) ≡ O, K3(t) ≡ O. Òàêèì îáðàçîì, êîýôôèöèåíòû
îïåðàòîðà R, âû÷èñëåííûå ïî ôîðìóëå (2.9), áóäóò ðåøåíèåì ñèñòåìû (2.8).

Ëåììà 2.2 (ñì. [11]). Ïðåäïîëîæèì, ÷òî
1) A(t), B(t) ∈ Cr+1(I),
2) âûïîëíåíû óñëîâèÿ 2) è 3) ëåììû 2.1,
3) rankΛr+1(t) = λ+ n äëÿ âñåõ t ∈ I.

Òîãäà îïåðàòîð R îáëàäàåò ëåâûì îáðàòíûì îïåðàòîðîì Λ = L0 + L1
d

dt
.

Ââåäåì â ðàññìîòðåíèå n× nr-ìàòðèöó
Φr+1(t) = (C1

r+1A
(r)(t) + C2

r+1B
(r−1)(t) . . . Cr

r+1A
′(t) + Cr−1

r+1B(t)). (2.12)

Ðàçîáüåì ýòó ìàòðèöó íà áëîêè òàê æå, êàê äëÿ ìàòðèöû Λr(t) (ñì. (2.10)):

Φr+1(t)QrQΛ = (Φ
[1]
r+1(t) Φ

[2]
r+1(t)),

áëîê Φ
[1]
r+1(t) èìååò ðàçìåð n× λ. Îáîçíà÷èì

Ψr+1(t) = (Φ
[2]
r+1(t)− Φ

[1]
r+1(t)K(t) A(t)),

ãäå K(t) = (Onr−λ Eλ)M
−1
r (t)Λ

[2]
r (t) (èíäåêñ ïðè íóëåâîé ìàòðèöå óêàçûâàåò ÷èñëî åå ñòîëáöîâ).

Ïðåäëîæåíèå 2.2. Ïðåäïîëîæèì, ÷òî
1) âûïîëíåíû óñëîâèÿ 1) è 2) ëåììû 2.2,
2) â ìàòðèöå Ψr+1(t) èìååòñÿ îáðàòèìàÿ äëÿ âñåõ t ∈ I ïîäìàòðèöà ïîðÿäêà n.
Òîãäà âûïîëíåíî óñëîâèå 3) ëåììû 2.2 è â ìàòðèöå Dr+1(t) íàéäåòñÿ îáðàòèìàÿ äëÿ âñåõ

t ∈ I ïîäìàòðèöà Mr+1(t) ïîðÿäêà n(r+2), âêëþ÷àþùàÿ â ñåáÿ n+λ ñòîëáöîâ ìàòðèöû Λr+1(t)
è âñå ñòîëáöû ìàòðèöû (B2,r+1(t) Ar+1(t)) (ñì. (2.4), (2.3), (2.1)).
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Äîêàçàòåëüñòâî. Ïî ïîñòðîåíèþ ìàòðèöà Dr+1(t) èìååò âèä

Dr+1(t) =

(
Br(t) Ar(t) Λr(t) O

C0
r+1B

(r+1)(t) C0
r+1A

(r+1)(t) + C1
r+1B

(r)(t) Φr+1(t) A(t)

)
.

Óìíîæèì Dr+1(t) ñëåâà íà îáðàòèìóþ íà I ìàòðèöó



En+d O O
O Eλ O

O −Φ
[1]
r+1(t) En




(
M−1

r (t) O

O En

)

è ñïðàâà íà ìàòðèöó ïåðåñòàíîâîê diag {Qr+2, En} × diag {E2n, QΛ, En}. Â ðåçóëüòàòå ïîëó÷èì



J1(t) Ed O O O O
J2(t) O En−d O O O
∗∗ O O Ed O O
∗∗ O O O Eλ ∗
∗ ∗ ∗ ∗ O Ψr+1(t)




, (2.13)

ãäå ∗ îáîçíà÷àåò ìàòðèöó, ÿâíûé âèä êîòîðîé íåñóùåñòâåíåí. Òàê êàê rankΛr+1(t) = rankΛr(t)+
rankΨr+1(t) ïî ïîñòðîåíèþ, èç óñëîâèÿ 2) î÷åâèäíûì îáðàçîì ñëåäóåò óñëîâèå 3) ëåììû 2.2. Êðî-
ìå òîãî, ìàòðèöà Mr+1(t), ôèãóðèðóþùàÿ â ôîðìóëèðîâêå óòâåðæäåíèÿ, ñóùåñòâóåò è âêëþ÷àåò
â ñåáÿ âñå ñòîëáöû ìàòðèöû Dr+1(t), cîîòâåòñòâóþùèå ñòîëáöàì ìàòðèöû (2.13), â êîòîðûõ ðàñ-
ïîëîæåíû åäèíè÷íûå ìàòðèöû è îáðàòèìàÿ íà I ïîäìàòðèöà ìàòðèöû Ψr+1(t). ¤

3. Âîçìóùåíèÿ, ñîõðàíÿþøèå âíóòðåííþþ ñòðóêòóðó ñèñòåìû

Ïðåäïîëîæèì, ÷òî â ñèñòåìå (1.2) ∆A(t), ∆B(t) ∈ Cr+1(I). Ïîñêîëüêó ðåøåíèÿ ñèñòåìû
(1.1) çàâèñÿò îò ïðîèçâîäíûõ êîýôôèöèåíòîâ ñèñòåìû äî ïîðÿäêà r âêëþ÷èòåëüíî, òàêèì æå
ñâîéñòâîì áóäóò îáëàäàòü è ðåøåíèÿ ñèñòåìû (1.2). Ïîýòîìó íåîáõîäèìî çíàòü íå òîëüêî ìàñø-
òàá èçìåíåíèÿ ìàòðèö A(t) è B(t), íî è èõ ïðîèçâîäíûõ:

|α(k)
i,j (t)| 6 g

[k]
i,j (t), |β(k)

i,j (t)| 6 h
[k]
i,j(t), i, j = 1, n, k = 1, r + 1, (3.1)

ãäå ∆
(k)
A (t) = (α

(k)
i,j (t))i,j=1,n è ∆

(k)
B (t) = (β

(k)
i,j (t))i,j=1,n. Ìàòðèöû

G[k](t) = (g
[k]
i,j (t))i,j=1,n, H [k](t) = (h

[k]
i,j(t))i,j=1,n

çàäàþò ìàñøòàáû èçìåíåíèÿ ïðîèçâîäíûõ A(k)(t) è B(k)(t).
Äëÿ òîãî ÷òîáû èìåòü âîçìîæíîñòü ïðîâîäèòü àíàëèç óñòîé÷èâîñòè ñèñòåìû äèôôåðåíöè-

àëüíî-àëãåáðàè÷åñêèõ óðàâíåíèé (1.2) c èñïîëüçîâàíèåì èíôîðìàöèè î ñòðóêòóðå ñèñòåìû (1.1),
ââåäåì ñëåäóþùåå îïðåäåëåíèå.

Îïðåäåëåíèå 3.1. Áóäåì ãîâîðèòü, ÷òî âîçìóùåíèÿ ∆A(t) è ∆B(t) íå ìåíÿþò âíóòðåííþþ
ñòðóêòóðó ñèñòåìû äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèõ óðàâíåíèé (1.1), åñëè ïðè êàæäîì ôèêñè-
ðîâàííîì âûáîðå âîçìóùåíèé ∆A(t) è ∆B(t), óäîâëåòâîðÿþùèõ óñëîâèÿì (1.1), (3.1), ñóùåñòâóåò
îïåðàòîð

R̃ =

r∑

j=0

R̃j(t)
( d

dt

)j

, (3.2)

òàêîé, ÷òî R̃j(t) ∈ C(I), è äåéñòâèå ýòîãî îïåðàòîðà íà ñèñòåìó (1.2) ïðåîáðàçóåò åå ê âèäó
(

O O

En−d O

)
Q−1x′(t) +

(
U1(t) Ed

U2(t) O

)
Q−1x(t) = 0, t ∈ I, (3.3)

ãäå U1(t), U2(t) ∈ C(I) � íåêîòîðûå ìàòðèöû ñîîòâåòñòâóþùèõ ðàçìåðîâ.

Íàéäåì óñëîâèÿ, ïðè êîòîðûõ äëÿ ñèñòåìû (1.2) îïðåäåëåí îïåðàòîð R̃ ïðè êàæäîì âûáîðå
ìàòðèö ∆A(t) è ∆B(t), ýëåìåíòû êîòîðûõ ïîä÷èíÿþòñÿ îöåíêàì (1.1), (3.1).

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ
(∆A1(t) ∆A2(t)) = ∆A(t)Q, (∆B1(t) ∆B2(t)) = ∆B(t)Q, (3.4)
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∆Λr (t) =




O O . . . O

C1
1∆A O . . . O

C1
2∆

′
A + C2

2∆B C2
2∆A . . . O

...
... . . .

...
C1

r∆
(r−1)
A + C2

r∆
(r−2)
B C2

r∆
(r−2)
A + C3

r∆
(r−3)
B . . . Cr

r∆A




, (3.5)

ãäå Q � ìàòðèöà ïåðåñòàíîâîê èç (2.3); áëîêè ∆A2
(t), ∆B2

(t) èìåþò ðàçìåðû n× d òàêæå êàê è
áëîêè A2(t), B2(t) â (2.3); ∆Λr (t) çàäàåò âîçìóùåíèå ìàòðèöû Λr(t) (2.2).

Ðàçîáüåì ∆Λr (t) íà áëîêè, êàê ýòî áûëî ñäåëàíî ñ ìàòðèöåé Λr(t) (ñì. (2.10)):
∆Λr (t)QrQΛ = (∆

[1]
Λ (t),∆

[2]
Λ (t)). (3.6)

Îïðåäåëèì êâàäðàòíóþ ìàòðèöó ïîðÿäêà n(r + 1)

∆Mr
(t) =




C0
0∆B2

C0
0∆A1

C0
0∆A2

C1
0∆

′
B2

C0
1∆

′
A1

+ C1
1∆

′
B1

C0
1∆

′
A2

+ C1
1∆

′
B2...

...
...

Cr
0∆

(r)
B2

C0
r∆

(r)
A1

+ C1
r∆

(r−1)
B1

C0
r∆

(r)
A2

+ C1
r∆

(r−1)
B2

∆
[1]
Λ


 , (3.7)

êîòîðàÿ çàäàåò âîçìóùåíèå ìàòðèöû Mr(t), îïðåäåëèòåëåì êîòîðîé ÿâëÿåòñÿ ðàçðåøàþùèé ìè-
íîð. Ïóñòü S(t) = (si,j(t))i,j=1,n ∈ C(I). Ââåäåì â ðàññìîòðåíèå ìàòðè÷íóþ íîðìó

‖S(t)‖ = sup
16i6n

n∑

j=1

sup
t∈I

|si,j(t)|. (3.8)

Òîãäà ñ ó÷åòîì (1.3) è (3.1)
‖∆(k)

A (t)‖ 6 ‖G[k](t)‖,

‖∆(k)
B (t)‖ 6 ‖H [k](t)‖, k = 0, r + 1.

Àíàëîãè÷íî òîìó, êàê ýòî áûëî ñäåëàíî â (3.4), ìàòðèöû H [k](t) ðàçîáüåì íà áëîêè
(H

[k]
1 (t) H

[k]
2 (t)) = H [k](t)Q, (3.9)

ãäå H
[k]
1 (t) è H

[k]
2 (t) èìåþò ñîîòâåòñòâåííî ðàçìåðû n× (n− d) è n× d. Îáîçíà÷èì

νr = sup
06k6r

(
C0

k‖H [k]
2 (t)‖+ Ck

k‖G[0](t)‖+
k−1∑

j=0

(Cj
k‖G[k−j](t)‖+ Ck−j−1

k ‖H [k−j−1](t)‖)
)
, (3.10)

ãäå â êðóãëûõ ñêîáêàõ ïðè k = 0 ñëàãàåìîå ïîä çíàêîì ñóììû îòñóòñòâóåò.
Ïðåäëîæåíèå 3.1. Ïðåäïîëîæèì, ÷òî
1) A(t), B(t),∆A(t),∆B(t) ∈ Cr(I),
2) rankΛr(t) = λ = const äëÿ âñåõ t ∈ I,
3) â ìàòðèöå Dr(t) èìååòñÿ ðàçðåøàþùèé ìèíîð.
Åñëè âûïîëíÿåòñÿ íåðàâåíñòâî

νr <
1

‖M−1
r (t)‖ , (3.11)

òî ìàòðèöà Mr(t)+∆Mr (t) íåïðåðûâíî îáðàòèìà ïðè âñåõ t ∈ I è ïðè ëþáûõ ìàòðèöàõ ∆A(t)
è ∆B(t), ýëåìåíòû êîòîðûõ óäîâëåòâîðÿþò óñëîâèÿì (1.3), (3.1).

Â ñàìîì äåëå, íåòðóäíî ïîëó÷èòü îöåíêó

‖∆Mr (t)‖ 6 sup
06k6r

(
C0

k‖∆(k)
B2

(t)‖+ Ck
k‖∆A(t)‖

+

k−1∑

j=0

(Cj
k‖∆(k−j)

A (t)‖+ Ck−j−1
k ‖∆(k−j−1)

B (t)‖)
)
6 νr, (3.12)
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ãäå, òàê æå êàê è â (3.10), â êðóãëûõ ñêîáêàõ ïðè k = 0 ñëàãàåìîå ïîä çíàêîì ñóììû îòñóòñòâóåò.
Èç (3.11), (3.12) âûòåêàåò íåðàâåíñòâî

‖∆Mr
(t)‖ <

1

‖M−1
r (t)‖ ∀t ∈ I. (3.13)

Ïîýòîìó ïðè ëþáîì t ∈ I ñóùåñòâóåò ìàòðèöà (Mr(t) + ∆Mr
(t))−1 Ïîñêîëüêó Mr(t) + ∆Mr

(t) ∈
C(I), èìååì (Mr(t) + ∆Mr (t))

−1 ∈ C(I).

Çàìå÷àíèå 3.1. Ïîñêîëüêó ïî ïîñòðîåíèþ νr > 0, äëÿ òîãî ÷òîáû íåðàâåíñòâî (3.11) èìåëî
ñìûñë, íåîáõîäèìî ‖M−1

r (t)‖ 6 m < ∞.

Òåîðåìà 3.1. Ïðåäïîëîæèì, ÷òî
1) âûïîëíåíû óñëîâèÿ 1)�3) ïðåäëîæåíèÿ 3.1,
2) èìååò ìåñòî óñëîâèå (3.11).
Äëÿ òîãî ÷òîáû ïðè ëþáûõ ìàòðèöàõ ∆A(t) è ∆B(t), ýëåìåíòû êîòîðûõ óäîâëåòâîðÿþò

îöåíêàì (1.3), (3.1), ñóùåñòâîâàë îïåðàòîð (3.2), ïðåîáðàçóþùèé (1.2) ê âèäó (3.3), íåîáõîäèìî
è äîñòàòî÷íî âûïîëíåíèÿ òîæäåñòâà

(En O)(Mr(t) + ∆Mr
(t))−1∆

[2]
Λ (t) ≡ O, t ∈ I, (3.14)

ãäå ∆
[2]
Λ (t) è ∆Mr (t) îïðåäåëåíû â (3.6) è (3.7). Ïðè ýòîì êîýôôèöèåíòû îïåðàòîðà (3.2) âû÷èñ-

ëÿþòñÿ ïî ôîðìóëå
(R̃0(t) R̃1(t) . . . R̃r(t)) = (En O)(Mr(t) + ∆Mr (t))

−1. (3.15)

Äîêàçàòåëüñòâî. Â ñîîòâåòñòâèè ñ ïðåäëîæåíèåì 2.1 îïåðàòîð R̃ ñóùåñòâóåò òîãäà è òîëü-
êî òîãäà, êîãäà ñèñòåìà àëãåáðàè÷åñêèõ óðàâíåíèé

(R̃0(t) R̃1(t) . . . R̃r(t))(Γr(t) + ∆r(t)) = (En O) (3.16)

èìååò ðåøåíèå R̃j(t) ∈ C(I) (j = 0, r) ïðè êàæäîì∆r(t). Ââèäó ãðîìîçäêîñòè ÿâíûé âèä ìàòðèöû
∆r(t), çàäàþùåé âîçìóùåíèå ìàòðèöû Γr(t) âûïèñûâàòü íå áóäåì.

Ïî òåîðåìå Êðîíåêåðà � Êàïåëëè íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì ïîòî÷å÷íîé ðàçðå-
øèìîñòè ñèñòåìû (3.16) ÿâëÿåòñÿ ðàâåíñòâî

rank (Γr(t) + ∆r(t)) = rank

(
Γr(t) + ∆r(t)

(En O)

)
∀t ∈ I. (3.17)

Ñîãëàñíî ïðåäëîæåíèþ 3.1 ïðè ñäåëàííûõ óñëîâèÿõ ìàòðèöà Mr(t) + ∆Mr (t) èìååò íà I íåïðå-
ðûâíóþ îáðàòíóþ ìàòðèöó. Êðîìå òîãî,Mr(t)+∆Mr (t) ïî ïîñòðîåíèþ ÿâëÿåòñÿ ïîäìàòðèöåé äëÿ
Γr(t)+∆r(t). Ïîñêîëüêó ïîðÿäîê Mr(t)+∆Mr (t) ñîâïàäàåò ñ ÷èñëîì ñòðîê ìàòðèöû Γr(t)+∆r(t),
òî

rank (Γr(t) + ∆r(t)) = n+ d+ λ = n(r + 1) ∀t ∈ I.

Ñ äðóãîé ñòîðîíû, óìíîæèâ ìàòðèöó, ñòîÿùóþ â (3.17) ñïðàâà îò çíàêà ðàâåíñòâà, íà
(
(Mr(t) + ∆Mr (t))

−1 O

O En

)

è diag {En+d, QΛ} ñëåâà è ñïðàâà ñîîòâåòñòâåííî, ïîëó÷èì



En O O W1(t)
O Ed O W2(t)
O O Eλ W3(t)
En O O O




(î ìàòðèöå ïåðåñòàíîâîê QΛ óïîìèíàëîñü â (2.10) è (3.6)). Ïîýòîìó

rank

(
Γr(t) + ∆r(t)

(En O)

)
= n+ d+ λ+ rankW1(t).
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Î÷åâèäíî, ÷òî (3.17) ñïðàâåäëèâî òîãäà è òîëüêî òîãäà, êîãäà
W1(t) ≡ O, t ∈ I. (3.18)

Ïî ïîñòðîåíèþ W1(t) = (En O)(Mr(t) + ∆Mr
(t))−1∆

[2]
Λ (t). Ñëåäîâàòåëüíî, (3.18) âëå÷åò (3.14).

Åñëè èñêàòü êîýôôèöèåíòû îïåðàòîðà R̃ â âèäå (3.15), òî â îáùåì ñëó÷àå îíè íå áóäóò
óäîâëåòâîðÿòü óðàâíåíèþ (3.16), ïîñêîëüêó ìîæåò íå âûïîëíèòüñÿ òîæäåñòâî

(R̃0(t) R̃1(t) . . . R̃r(t))∆
[2]
Λ (t) ≡ O. (3.19)

Òåì íå ìåíåå ñ ó÷åòîì (3.15) óñëîâèå (3.19) áóäåò èìåòü ìåñòî â ñèëó ïðåäïîëîæåíèÿ (3.14).
Íåïðåðûâíîñòü êîýôôèöèåíòîâ R̃j(t) (j = 0, r) îïåðàòîðà R̃ ñëåäóåò èç óñëîâèÿ 1) ïðåäëî-

æåíèÿ 3.1. ¤

Ïîñêîëüêó â îáùåì ñëó÷àå ïðîâåðèòü ðàâåíñòâî (3.14) íå ïðåäñòàâëÿåòñÿ âîçìîæíûì, íàéäåì
äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ îïåðàòîðà R̃.

Ëåììà 3.1. Ïóñòü èìåþò ìåñòî óñëîâèÿ 1)�3) ïðåäëîæåíèÿ 3.1 è íåðàâåíñòâî (3.11).
Êðîìå òîãî,

(En+d Oλ)M
−1
r (t)∆

[2]
Λ (t) = O ∀t ∈ I, (3.20)

à ìàòðèöà M−1
r (t)∆Mr (t) îáëàäàåò ñòðóêòóðîé

M−1
r (t)∆Mr (t) =

(
∗ O

∗∗ ∗

)
, (3.21)

ãäå ðàçìåðû íóëåâîãî áëîêà (n+ d)× λ. Òîãäà

(En+d O)(Mr(t) + ∆Mr (t))
−1∆

[2]
Λ (t) = O ∀t ∈ I (3.22)

äëÿ âñåõ ìàòðèö ∆A(t) è ∆B(t), ýëåìåíòû êîòîðûõ ïîä÷èíÿþòñÿ îöåíêàì (1.3), (3.1).

Äîêàçàòåëüñòâî. Â ñäåëàííûõ ïðåäïîëîæåíèÿõ ñïðàâåäëèâî ïðåäëîæåíèå 3.1, ñîãëàñíî êî-
òîðîìó ìàòðèöà Mr(t) + ∆Mr (t) èìååò íà I íåïðåðûâíóþ îáðàòíóþ, ïðè ýòîì

(Mr(t) + ∆Mr (t))
−1 = M−1

r (t)

(
En +

∞∑

i=1

(−1)i(∆Mr (t)M
−1
r (t))i

)
. (3.23)

Îòñþäà

(En+d O)(Mr +∆Mr )
−1∆

[2]
Λ = (En+d O)M−1

r (t)∆
[2]
Λ (t)

+ (En+d O)

( ∞∑

i=1

(−1)i(M−1
r (t)∆Mr (t))

i

)
M−1

r (t)∆
[2]
Λ (t). (3.24)

Óñëîâèå (3.20) îáåñïå÷èâàåò òîæäåñòâåííîå ðàâåíñòâî íóëþ ïåðâîãî ñëàãàåìîãî â ïðàâîé ÷àñòè
ðàâåíñòâà (3.24). Òàê ÷òî óòâåðæäåíèå ëåììû áóäåò èìåòü ìåñòî, åñëè

(En+d O)

( ∞∑

i=1

(−1)i(M−1
r (t)∆Mr (t))

i

)
M−1

r (t)∆
[2]
Λ (t) = O ∀t ∈ I. (3.25)

Ðàññìîòðèì ìàòðèöó

M−1
r (t)∆

[2]
Λ (t) =

(
V1(t)

V2(t)

)
(3.26)

ãäå V1(t) è V2(t) � íåêîòîðûå ìàòðèöû êëàññà C(I), ñîñòîÿùèå èç n+d è λ ñòðîê ñîîòâåòñòâåííî.
Â ñèëó (3.20) V1(t) ≡ O íà I.

Â ñâîþ î÷åðåäü, ïðåäñòàâëåíèå (3.21) ãàðàíòèðóåò, ÷òî ìàòðèöû (M−1
r (t)∆Mr (t))

i áóäóò èìåòü
òàêóþ æå ñòðóêòóðó äëÿ ëþáîãî i = 1,∞. Ïðèíèìàÿ âî âíèìàíèå (3.26), ëåãêî âèäåòü, ÷òî
óñëîâèå (3.25) áóäåò âûïîëíåíî. ¤
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Çàìå÷àíèå 3.2. Î÷åâèäíî, ÷òî óñëîâèÿ ëåììû 3.1 îáåñïå÷èâàþò âûïîëíåíèå óñëîâèÿ (3.14),
è ñëåäîâàòåëüíî, ãàðàíòèðóþò ñóùåñòâîâàíèå îïåðàòîðà (3.2), ïðåîáðàçóþùåãî (1.2) ê âèäó (3.3).
Ñ äðóãîé ñòîðîíû, óñëîâèå (3.22) âûãëÿäèò èçáûòî÷íûì. Òåì íå ìåíåå, èìåííî îãðàíè÷åíèå âèäà
(3.22) ïîòðåáóåòñÿ â äàëüíåéøåì äëÿ òîãî, ÷òîáû îáîñíîâàòü ëåâóþ îáðàòèìîñòü îïåðàòîðà (3.2)
è, â êîíå÷íîì èòîãå, äîêàçàòü ýêâèâàëåíòíîñòü â ñìûñëå ðåøåíèé ñèñòåì (1.2) è (3.3).

Òåîðåìà 3.2. Ïðåäïîëîæèì, ÷òî
1) A(t), B(t), ∆A(t), ∆B(t) ∈ Cr+1(I),
2) âûïîëíåíû óñëîâèÿ 2) è 3) ëåììû 2.1,
3) âûïîëíåíî óñëîâèå 2) ïðåäëîæåíèÿ 2.2,
4) äëÿ âñåõ ìàòðèö ∆A(t) è ∆B(t), ýëåìåíòû êîòîðûõ óäîâëåòâîðÿþò óñëîâèÿì (1.3) è

(3.1), ñïðàâåäëèâû òîæäåñòâà (3.20), (3.21).
Åñëè, êðîìå òîãî,

νr+1 <
1

‖M−1
r+1(t)‖

, (3.27)

òî ïðè êàæäîì âûáîðå ìàòðèö ∆A(t) è ∆B(t) îïåðàòîð (3.2), (3.15), ïðåîáðàçóþùèé (1.2) ê
âèäó (3.3), ñóùåñòâóåò è èìååò ëåâûé îáðàòíûé îïåðàòîð

L̃ = L̃0(t) + L̃1(t)
d

dt
.

Âåëè÷èíà νr+1 îïðåäåëÿåòñÿ ïî ôîðìóëå, àíàëîãè÷íîé (3.10).

Äîêàçàòåëüñòâî. Ñíà÷àëà ïîêàæåì, ÷òî ïðåäïîëîæåíèå (3.27) âëå÷åò îöåíêó (3.11). Ñî-
ãëàñíî ïðåäëîæåíèþ 2.2 â ìàòðèöå Dr+1(t) ñîäåðæèòñÿ îáðàòèìàÿ ïîäìàòðèöà Mr+1(t) ïîðÿäêà
n(r+2), âêëþ÷àþùàÿ â ñåáÿ λ+n ñòîëáöîâ ìàòðèöû Λr+1(t), ïðè÷åì rankΛr+1(t) ≡ λ+n. Äîêà-
çàòåëüñòâî ïðåäëîæåíèÿ 2.2 ìîæíî ðàññìàòðèâàòü êàê èçëîæåíèå ñïîñîáà ïîñòðîåíèÿ ìàòðèöû
M−1

r+1(t), ïðè ýòîì

M−1
r+1(t) =

(
M−1

r (t) O

P1(t) P2(t)

)
,

ãäå P1(t), P2(t) ∈ C(I) � íåêîòîðûå ìàòðèöû ñîîòâåòñòâóþùèõ ðàçìåðîâ. Ïîýòîìó ‖M−1
r+1(t)‖ >

‖M−1
r (t)‖ è, ñëåäîâàòåëüíî,

1

‖M−1
r+1(t)‖

6 1

‖M−1
r (t)‖ .

Ñ äðóãîé ñòîðîíû, èç ôîðìóëû (3.10) ñëåäóåò νr 6 νr+1. Òàêèì îáðàçîì, íåðàâåíñòâî (3.27)
ãàðàíòèðóåò îöåíêó (3.11).

Â ñîîòâåòñòâèè ñ ëåììîé 3.1 â ñäåëàííûõ ïðåäïîëîæåíèÿõ èìååò ìåñòî óñëîâèå (3.14). Ïî-
ýòîìó íà îñíîâàíèè òåîðåìû 3.1 ìîæíî çàêëþ÷èòü, ÷òî îïåðàòîð (3.2), ïðåîáðàçóþùèé (1.2) ê
âèäó (3.3), ñóùåñòâóåò è åãî êîýôôèöèåíòû íàõîäÿòñÿ ïî ôîðìóëå (3.15).

Ïîêàæåì, ÷òî ýòî îïåðàòîð îáëàäàåò ëåâûì îáðàòíûì îïåðàòîðîì ïðè ëþáûõ ìàòðèöàõ
∆A(t) è ∆B(t), ýëåìåíòû êîòîðûõ ïîä÷èíÿþòñÿ óñëîâèÿì (1.3), (3.1).

Ñîãëàñíî ëåììå 2.2 ëåâûé îáðàòíûé äëÿ îïåðàòîðà R̃ ñóùåñòâóåò, åñëè èìååò ìåñòî ðàâåíñòâî
rank (Λr+1(t) + ∆Λr+1(t)) = rank (Λr(t) + ∆Λr (t)) + n, t ∈ I, (3.28)

ãäå ìàòðèöû ∆Λr+1(t) è ∆Λr (t) ñòðîÿòñÿ ïî ïðàâèëó (3.5).
Ðàññìîòðèì ìàòðèöó Λr(t)+∆Λr (t). Ïîêàæåì, ÷òî rank (Λr(t)+∆Λr (t)) = λ äëÿ ëþáûõ t ∈ I.

Óìíîæèâ ýòó ìàòðèöó ñëåâà è ñïðàâà ñîîòâåòñòâåííî íà ìàòðèöû (Mr(t) +∆Mr (t))
−1 è QrQΛ, ñ

ó÷åòîì ïðåäñòàâëåíèé (2.10) è (3.6) ïîëó÷èì

(Mr(t) + ∆Mr (t))
−1(Λ[1]

r (t) + ∆
[1]
Λ (t) Λ[2]

r (t) + ∆
[2]
Λ (t)) =

(
O V̂1(t)

Eλ V̂2(t)

)
, (3.29)

ãäå
colon (V̂1(t), V̂2(t)) = (Mr(t) + ∆Mr (t))

−1(Λ[2]
r (t) + ∆

[2]
Λ (t)),
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ìàòðèöû V̂1(t) è V̂2(t) ñîñòîÿò èç n+ d è λ ñòðîê ñîîòâåòñòâåííî. Îáîçíà÷èì
(Mr(t) + ∆Mr (t))

−1∆
[2]
Λ (t) = colon (Ŵ1(t), Ŵ2(t)), (3.30)

ãäå Ŵi(t) � íåêîòîðûå ìàòðèöû, èìåþùèå ñîîòâåòñòâåííî òå æå ðàçìåðû, ÷òî è ìàòðèöû V̂i(t).
Â ñèëó (3.22)

Ŵ1(t) ≡ O, t ∈ I. (3.31)

Ïðèíèìàÿ âî âíèìàíèå ïðåäñòàâëåíèå (3.23), ðàññìîòðèì ïðîèçâåäåíèå

(Mr(t) + ∆Mr (t))
−1Λ[2]

r (t) = Mr(t)Λ
[2]
r (t) +

∞∑

i=1

(−1)i(M−1
r (t)∆Mr (t))

iM−1
r (t)Λ[2]

r (t). (3.32)

Ïî ïîñòðîåíèþ ñ ó÷åòîì óñëîâèÿ 2) ëåììû 2.1

M−1
r (t)Λ[2]

r (t) =

(
O
∗∗
)
,

ãäå íóëåâîé áëîê ñîñòîèò èç n+ d ñòðîê. Ïðåäïîëîæåíèå (3.21) ãàðàíòèðóåò, ÷òî

(M−1
r (t)∆Mr

(t))i =

(
∗ O

∗∗ ∗

)
∀i = 1,∞

ñ íóëåâûì áëîêîì ðàçìåðà (n+ d)× λ. Ñëåäîâàòåëüíî, ïåðâûå n+ d ñòðîê ìàòðèöû (3.32) áóäóò
íóëåâûìè. Òàêèì îáðàçîì, ñ ó÷åòîì (3.30) è (3.31) â òîæäåñòâå (3.29) V̂1(t) ≡ O è rank (Λr(t) +
∆Λr

(t)) = λ äëÿ ëþáûõ t ∈ I.
Ðàññìîòðèì ìàòðèöó

Λr+1(t) + ∆Λr+1(t) =

(
Λr(t) + ∆Λr (t) O
Φr+1(t) + ∆Φ(t) A(t) + ∆A(t)

)
, (3.33)

ãäå Φr+1(t) íàõîäèòñÿ ïî ôîðìóëå (2.12),
∆Φ(t) = (C1

r+1∆
(r)
A (t) + C2

r+1∆
(r−1)
B (t) . . . Cr

r+1∆
′
A(t) + Cr−1

r+1∆B(t)).

Óìíîæèâ (3.33) ñëåâà è ñïðàâà ñîîòâåòñòâåííî íà(
(Mr(t) + ∆Mr (t))

−1 O

O En

)
,

(
QrQΛ O

O En

)
,

ïîëó÷èì 


O O O

Eλ V̂2(t) O

F̂1(t) F̂2(t) A(t) + ∆A(t)


 ,

ãäå F̂i(t) � íåêîòîðûå ìàòðèöû. Íåòðóäíî âèäåòü, ÷òî
rank (Λr+1(t) + ∆Λr+1(t)) = λ+ rank (F̂2(t)− F̂1(t)V̂2(t) A(t) + ∆A(t)).

Â ñîîòâåòñòâèè ñ ïðåäëîæåíèåì 2.2 ìàòðèöà Mr+1(t) âêëþ÷àåò â ñåáÿ λ + n ñòîëáöîâ ìàò-
ðèöû Λr+1(t). Â ñâîþ î÷åðåäü, â ñäåëàííûõ ïðåäïîëîæåíèÿõ ìàòðèöà Mr+1(t) + ∆Mr+1(t) áóäåò
îáðàòèìà ïðè âñåõ t ∈ I. Ïîýòîìó äîëæíî âûïîëíèòüñÿ ðàâåíñòâî

rank (F̂2(t)− F̂1(t)V̂2(t) A(t) + ∆A(t)) = n.

Ñëåäîâàòåëüíî, rank (Λr+1(t) + ∆Λr+1(t)) ≡ λ+ n.

Èç âñåãî âûøåñêàçàííîãî âûòåêàåò ñïðàâåäëèâîñòü óñëîâèÿ (3.28), êîòîðîå, â ñâîþ î÷åðåäü,
îáåñïå÷èâàåò ëåâîñòîðîííþþ îáðàòèìîñòü îïåðàòîðà R̃ ïðè ëþáîì ôèêñèðîâàííîì âûáîðå âîç-
ìóùåíèé ∆A(t) è ∆B(t), óäîâëåòâîðÿþùèõ óñëîâèÿì (1.3), (3.1). ¤

Îïðåäåëåíèå 3.2. Ðåøåíèåì ñèñòåìû äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèõ óðàâíåíèé (1.1)
áóäåì íàçûâàòü n-ìåðíóþ âåêòîð-ôóíêöèþ x∗(t) ∈ C1(I), îáðàùàþùóþ ñèñòåìó (1.1) â òîæäå-
ñòâî ïðè ïîäñòàíîâêå.

Ïðè êàæäîì âûáîðå âîçìóùåíèé ∆A(t) è ∆B(t), óäîâëåòâîðÿþùèõ óñëîâèÿì (1.3), (3.1),
ðåøåíèå ñèñòåìû (1.2) áóäåì ïîíèìàòü â ñìûñëå îïðåäåëåíèÿ 3.2.
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Ñëåäñòñâèå 3.1. Â óñëîâèÿõ òåîðåìû 3.2 ïðè êàæäîì ôèêñèðîâàííîì âûáîðå âîçìóùåíèé
∆A(t) è ∆B(t), ýëåìåíòû êîòîðûõ ïîä÷èíÿþòñÿ îöåíêàì (1.3), (3.1), ñèñòåìû (1.2) è (3.3)
áóäóò èìåòü îäíè è òå æå ðåøåíèÿ.

Ñïðàâåäëèâîñòü ñëåäñòâèÿ íåïîñðåäñòâåííî âûòåêàåò èç ñóùåñòâîâàíèÿ îïåðàòðîâ R̃ è L̃.
Íåïðåðûâíàÿ äèôôåðåíöèðóåìîñòü ðåøåíèé îáåñïå÷èâàåòñÿ óñëîâèåì 1) òåîðåìû 3.2.

4. Ðîáàñòíàÿ óñòîé÷èâîñòü ñèñòåìû
äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèõ óðàâíåíèé

Ïðèâåäåì èçâåñòíûå ðåçóëüòàòû ïî ðîáàñòíîé óñòîé÷èâîñòè ñèñòåì, ðàçðåøåííûõ îòíîñè-
òåëüíî ïðîèçâîäíîé. Ýòè ðåçóëüòàòû â äàëüíåéøåì áóäóò èñïîëüçîâàíû äëÿ ïîëó÷åíèÿ óñëîâèé
ðîáàñòíîé óñòîé÷èâîñòè ñèñòåìû äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèõ óðàâíåíèé (1.2).

Ðàññìîòðèì èíòåðâàëüíîå ñåìåéñòâî ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
x′(t) + U(t)x(t) = 0, t ∈ I, (4.1)

ãäå U(t) = (ui,j(t))i,j=1,n � ïðîèçâîëüíàÿ ìàòðèöà ñ èçìåðèìûìè ýëåìåíòàìè, êîòîðàÿ íà âñÿêîì
êîíå÷íîì èíòåðâàëå ïîëóîñè [0,+∞) ïî÷òè âñþäó óäîâëåòâîðÿåò íåðàâåíñòâàì

U(t) 6 U(t) 6 U(t), (4.2)

ñ çàäàííûìè ìàòðèöàìè U(t) = (ui,j(t))i,j=1,n è U(t) = (ui,j(t))i,j=1,n, ýëåìåíòû êîòîðûõ ÿâëÿ-
þòñÿ èçìåðèìûìè ôóíêöèÿìè.

Â (4.2) è äàëåå ìàòðè÷íûå íåðàâåíñòâà ïîíèìàþòñÿ ïîýëåìåíòíî.
Îïðåäåëåíèå 4.1. Ñèñòåìó (4.1) áóäåì íàçûâàòü ðîáàñòíî óñòîé÷èâîé îòíîñèòåëüíî îãðà-

íè÷åíèé (4.2), åñëè åå òðèâèàëüíîå ðåøåíèå àñèìïòîòè÷åñêè óñòîé÷èâî ïî Ëÿïóíîâó ïðè ëþáîì
âûáîðå ìàòðèöû U(t), óäîâëåòâîðÿþùåé íåðàâåíñòâàì (4.2).

Ïîñòðîèì ìàòðèöó Û(t) = (ûi,j(t))i,j=1,n, ãäå
ûi,i(t) = −ui,i(t), i = 1, n,

ûi,j(t) = max{|ui,j(t)|, |ui,j(t)|}, i, j = 1, n, i 6= j.

Òåîðåìà 4.1 (ñì. [12]). Èíòåðâàëüíàÿ ñèñòåìà (4.1) ðîáàñòíî óñòîé÷èâà îòíîñèòåëüíî
îãðàíè÷åíèé (4.2), åñëè ñèñòåìà

x′(t) + Û(t)x(t) = 0, t ∈ I, (4.3)

àñèìïòîòè÷åñêè óñòîé÷èâà ïî Ëÿïóíîâó.
Òåîðåìà 4.2 (ñì. [12]). Ïðåäïîëîæèì, ÷òî â (4.2) ýëåìåíòû ìàòðèö U(t) è U(t) � ïåðè-

îäè÷åñêèå ôóíêöèè ñ ïåðèîäîì ω > 0. Êðîìå òîãî, ïóñòü âûïîëíåíû íåðàâåíñòâà
|ui,j(t)| 6 −ui,j(t) ∀i, j = 1, n (i 6= j) ∀t ∈ I.

Òîãäà äëÿ ðîáàñòíîé óñòîé÷èâîñòè ñèñòåìû (4.1) îòíîñèòåëüíî èíòåðâàëüíûõ îãðàíè÷åíèé
(4.2) íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèÿ óñëîâèÿ

ρ(Ω(ω)) < 1, (4.4)

ãäå ρ(Ω(ω)) �ñïåêòðàëüíûé ðàäèóñ ìàòðèöû ìîíîäðîìèè Ω(ω) ñèñòåìû (4.3).

Ïåðåéäåì ê àíàëèçó óñòîé÷èâîñòè èíòåðâàëüíîãî ñåìåéñòâà äèôôåðåíöèàëüíî-àëãåáðàè÷åñ-
êèõ óðàâíåíèé.

Ïðåäïîëîæèì, ÷òî âñå óñëîâèÿ òåîðåìû 3.2 âûïîëíåíû. Ðàññìîòðèì ñèñòåìó (3.3), ïîëó÷åí-
íóþ èç (1.2) ñ ïîìîùüþ îïåðàòîðà (3.2). Ïî ïîñòðîåíèþ â (3.3)

Q−1x(t) = colon (x1(t), x2(t)),

U1(t) = (Ed On(r+1)−d)(Mr(t) + ∆Mr (t))
−1(B1,r(t) + ∆B1,r(t)),

U2(t) = (Od En−d Onr)(Mr(t) + ∆Mr (t))
−1(B1,r(t) + ∆B1,r(t)),

(4.5)



1212 À. À. Ùåãëîâà, À. Ä. Êîíîíîâ

x1(t) ∈ Rn−d è x2(t) ∈ Rd äëÿ ëþáûõ t ∈ I, ìàòðèöà B1,r(t) íàõîäèòñÿ ïî ôîðìóëàì (2.4), (2.3),

∆B1,r(t) = colon (∆B1(t),∆
′
B1

(t), . . . ,∆
(r)
B1

(t)),

∆B1(t) îïðåäåëåíà â (3.4).
Ðàññìîòðèì äèôôåðåíöèàëüíóþ ïîäñèñòåìó èíòåðâàëüíîãî ñåìåéñòâà (3.3)

x′
1(t) + U2(t)x1(t) = 0. (4.6)

Ïðåäïîëîæèì, ÷òî óäàëîñü íàéòè ÿâíûé âèä èíòåðâàëüíîé ìàòðèöû (4.5):
U2(t) 6 U2(t) 6 U2(t), t ∈ I, (4.7)

ãäå ýëåìåíòû ìàòðèö
U2(t) = (ui,j(t))i,j=1,n−d, U2(t) = (ui,j(t))i,j=1,n−d (4.8)

ÿâëÿþòñÿ èçìåðèìûìè ôóíêöèÿìè.
Çàìåòèì, ÷òî â ñäåëàííûõ ïðåäïîëîæåíèÿõ U2(t) ∈ C2(I) ïðè êàæäîì ôèêñèðîâàííîì âû-

áîðå ìàòðèö ∆A(t) è ∆B(t).
Ïîñòðîèì ìàòðèöó Û2(t) = (ûi,j(t))i,j=1,n−d, ãäå

ûi,i(t) = −ui,i(t), i = 1, n− d, (4.9)

ûi,j(t) = max{|ui,j(t)|, |ui,j(t)|}, i, j = 1, n− d, i 6= j. (4.10)

Â ñîîòâåòñòâèè ñ òåîðåìîé 4.1 ñèñòåìà (4.6) ðîáàñòíî óñòîé÷èâà îòíîñèòåëüíî îãðàíè÷åíèé
(4.7), åñëè ñèñòåìà

x′
1(t) + Û2(t)x1(t) = 0 (4.11)

àñèìïòîòè÷åñêè óñòîé÷èâà ïî Ëÿïóíîâó.
Ïî çàìå÷àíèþ 3.1 â ñäåëàííûõ äîïóùåíèÿõ ìàòðèöà M−1

r (t) áóäåò îãðàíè÷åíà íà èíòåðâàëå
I ïî íîðìå (3.8). Â ñâîþ î÷åðåäü, íåðàâåíñòâî (3.13) âëå÷åò çà ñîáîé îöåíêó

‖(Mr(t) + ∆Mr (t))
−1‖ <

‖M−1
r (t)‖

1− ‖∆Mr (t)‖‖M−1
r (t)‖ ,

èç êîòîðîé ñëåäóåò îãðàíè÷åííîñòü ìàòðèöû (Mr(t) + ∆Mr (t))
−1. Ïîñëåäíåå â ñîâîêóïíîñòè ñ

ïðåäïîëîæåíèåì îá îãðàíè÷åííîñòè ïðè ëþáîì k = 0, r ìàòðèö B
(k)
1 (t) è H

[k]
1 (t) (ñì. (2.3) è

(3.9)) ãàðàíòèðóåò îãðàíè÷åííîñòü ìàòðèöû U1(t):
‖U1(t)‖ 6 m1 < ∞. (4.12)

Ïîñêîëüêó x2(t) = −U1(t)x1(t) â (3.3), â ñèëó (4.12) èç ñâîéñòâà ‖x1(t)‖ → 0 ïðè t → +∞
ñëåäóåò ‖x2(t)‖ → 0 ïðè t → +∞. Çäåñü ‖ξ(t)‖ = sup

16i6n
|ξi(t)| äëÿ ëþáîé âåêòîð-ôóíêöèè ξ(t) =

colon (ξ1(t), . . . , ξn(t)). Ïîýòîìó ðîáàñòíàÿ óñòîé÷èâîñòü ñèñòåìû (4.6) îòíîñèòåëüíî îãðàíè÷åíèé
(4.7) âëå÷åò çà ñîáîé ðîáàñòíóþ óñòîé÷èâîñòü ñèñòåìû (3.3).

Ñîãëàñíî ñëåäñòâèþ 3.1 ïðè êàæäîì âûáîðå ìàòðèö∆A(t) è∆B(t), óäîâëåòâîðÿþùèõ óñëîâè-
ÿì (1.3), (3.1), ñèñòåìû (1.2) è (3.3) èìåþò îäíî è òî æå ìíîæåñòâî ðåøåíèé â ñìûñëå îïðåäåëåíèÿ
3.2 è, ñëåäîâàòåëüíî, îáëàäàþò îäíèìè è òåìè æå ñâîéñòâàìè óñòîé÷èâîñòè.

Íà îñíîâàíèè âñåãî âûøåèçëîæåííîãî ìîæíî ñôîðìóëèðîâàòü ñëåäóþùèé ðåçóëüòàò.
Òåîðåìà 4.3. Ïðåäïîëîæèì, ÷òî
1) âûïîëíåíû âñå óñëîâèÿ òåîðåìû 3.2,
2) ìàòðèöû B

(k)
1 (t) è H

[k]
1 (t) îãðàíè÷åíû íà èíòåðâàëå I ïî íîðìå (3.8) ïðè ëþáîì k = 0, r,

3) ýëåìåíòû ìàòðèö (4.8) ÿâëÿþòñÿ èçìåðèìûìè ôóíêöèÿìè,
4) ñèñòåìà (4.11) àñèìïòîòè÷åñêè óñòîé÷èâà ïî Ëÿïóíîâó.
Òîãäà ñèñòåìà (1.2) ðîáàñòíî óñòîé÷èâà îòíîñèòåëüíî îãðàíè÷åíèé (1.3), (3.1).

Îïèðàÿñü íà òåîðåìó 4.2, ìîæíî ïîëó÷èòü íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå ðîáàñòíîé
óñòîé÷èâîñòè ñèñòåìû (1.2).
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Òåîðåìà 4.4. Ïðåäïîëîæèì, ÷òî
1) âûïîëíåíû âñåï óñëîâèÿ òåîðåìû 3.2,
2) ýëåìåíòû ìàòðèö A(t) è B(t) � ïåðèîäè÷åñêèå íà I ôóíêöèè ñ ïåðèîäîì ω > 0,
3) ýëåìåíòû ìàòðèö G[k](t) è H [k](t) (k = 0, r) � ïåðèîäè÷åñêèå íà I ôóíêöèè ñ ïåðèîäîì

ω > 0,
4) êîýôôèöèåíòû ìàòðèö U2(t) è U2(t) èç (4.7) ÿâëÿþòñÿ èçìåðèìûìè ôóíêöèÿìè, è äëÿ

íèõ âûïîëíÿþòñÿ íåðàâåíñòâà
|ui,j(t)| 6 −ui,j(t) ∀i, j = 1, n− d (i 6= j) ∀t ∈ I. (4.13)

Òîãäà äëÿ ðîáàñòíîé óñòîé÷èâîñòè ñèñòåìû (1.2) îòíîñèòåëüíî îãðàíè÷åíèé (1.3), (3.1)
íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèÿ óñëîâèÿ (4.4), ãäå ρ(Ω(ω)) �ñïåêòðàëüíûé ðàäèóñ ìàò-
ðèöû ìîíîäðîìèè Ω(ω) ñèñòåìû (4.11).

Äîêàçàòåëüñòâî. Ïîëüçóÿñü îïðåäåëåíèåì ïðîèçâîäíîé, íåòðóäíî ïîêàçàòü, ÷òî óñëîâèå
2 îáåñïå÷èâàåò ω-ïåðèîäè÷íîñòü ìàòðèöû Mr(t). Â ýòîì ñëó÷àå ñ ó÷åòîì ïðåäïîëîæåíèÿ 3 ïî
ïîñòðîåíèþ â (4.6) ìàòðèöà U2(t) áóäåò óäîâëåòâîðÿòü îãðàíè÷åíèÿì (4.7) ñ ω-ïåðèîäè÷åñêèìè
ìàòðèöàìè U2(t) è U2(t).

Ïðèíèìàÿ âî âíèìàíèå óñëîâèå 4), íà îñíîâàíèè òåîðåìû 4.2 ìîæíî çàêëþ÷èòü, ÷òî äëÿ
ðîáàñòíîé óñòîé÷èâîñòè ñèñòåìû (4.6) îòíîñèòåëüíî îãðàíè÷åíèé (4.7) íåîáõîäèìî è äîñòàòî÷íî
âûïîëíåíèÿ óñëîâèÿ (4.4).

Â ïðåäïîëîæåíèÿõ 2 è 3 ïî ïîñòðîåíèþ ìàòðèöà U1(t) â (3.3) áóäåò íåïðåðûâíî äèôôåðåíöè-
ðóåìà è îãðàíè÷åíà ïî íîðìå íà I. Ðàññóæäàÿ òàê æå, êàê ïðè îáîñíîâàíèè òåîðåìû 4.3, ìîæíî
ïîêàçàòü, ÷òî òîãäà ñèñòåìû (4.6) è (3.3) áóäóò ðîáàñòíî óñòîé÷èâû îäíîâðåìåííî, è êðîìå òîãî,
â óñëîâèÿõ òåîðåìû 3.2 îäíîâðåìåííî ðîáàñòíî óñòîé÷èâû áóäóò ñèñòåìû (1.2) è (3.3). Òàêèì
îáðàçîì, âûïîëíåíèå íåðàâåíñòâà (4.4) ÿâëÿåòñÿ íåîáõîäèìûì è äîñòàòî÷íûì äëÿ ðîáàñòíîé
óñòîé÷èâîñòè ñèñòåìû (1.2). ¤

ßñíî, ÷òî â îáùåì ñëó÷àå ïîñòðîåíèå äëÿ ìàòðèöû U2(t) îöåíîê âèäà (4.7) ÿâëÿåòñÿ âåñüìà
íåòðèâèàëüíîé çàäà÷åé, ïîñêîëüêó ñâÿçàíî ñ îáðàùåíèåì èíòåðâàëüíîé ìàòðèöû. Íî ïðè íåêî-
òîðûõ äîïîëíèòåëüíûõ óñëîâèÿõ íàéòè ýëåìåíòû ìàòðèö U2(t) è U2(t) ìîæíî. Ïîëó÷èì åùå
îäíî óñëîâèå ðîáàñòíîé óñòîé÷èâîñòè, îïèðàþùååñÿ íà ñëåäóþùèé ðåçóëüòàò.

Ëåììà 4.1 (ñì. [13]). Ïóñòü S � âåùåñòâåííàÿ èíòåðâàëüíàÿ (n× n)-ìàòðèöà è
S 6 S 6 S. (4.14)

Åñëè S è S îáðàòèìû è S−1 > O, S
−1 > O, òî êàæäàÿ èç ìàòðèö S, óäîâëåòâîðÿþùèõ

íåðàâåíñòâàì (4.14), áóäåò îáðàòèìà è

O 6 S
−1 6 S−1 6 S−1.

Ïóñòü èìåþò ìåñòî âñå ïðåäïîëîæåíèÿ òåîðåìû 3.2. Ðàññìîòðèì ìàòðèöó∆Mr (t), îïðåäåëåí-
íóþ â (3.7). Åñëè èçâåñòíî, êàêèå èìåííî ñòîëáöû ìàòðèöû Dr(t) âõîäÿò â ðàçðåøàþùèé ìèíîð,
òî âîñïîëüçîâàâøèñü îöåíêàìè (1.3) è (3.1), íåòðóäíî ïîëó÷èòü äëÿ íåå �êðàéíèå� ìàòðèöû:

−∆Mr (t) 6 ∆Mr (t) 6 ∆Mr (t), t ∈ I.

ßâíûé âèä ∆Mr (t) âûïèñûâàòü íå áóäåì.
Ðàçîáüåì n× n(r + 1)-ìàòðèöó (Od En−d Onr)(Mr(t) + ∆Mr (t))

−1 íà áëîêè ðàçìåðà n× n

(Od En−d Onr)(Mr(t) + ∆Mr (t))
−1 = (,M0(t) M1(t) . . . Mr(t)), (4.15)

ãäå Mk(t) = (µ
[k]
i,l (t))i,l=1,n. Ïóñòü

B1(t) = (bl,j(t))l=1,n, j=1,n−d,

∆B1(t) = (δl,j(t))l=1,n, j=1,n−d,

H
[k]
1 (t) = (h

[k]
l,j (t))l=1,n, j=1,n−d,



1414 À. À. Ùåãëîâà, À. Ä. Êîíîíîâ

ãäå ìàòðèöû B1(t), ∆B1(t) è H
[k]
1 (t) îïðåäåëåíû ñîîòâåòñòâåííî â (2.3), (3.4) è (3.9). Òîãäà ñî-

ãëàñíî (4.5) ýëåìåíòû ìàòðèöû U2(t) âû÷èñëÿþòñÿ ïî ôîðìóëå

ui,j(t) =

r∑

k=0

n∑

l=0

µ
[k]
i,l (t)(b

(k)
l,j (t) + δ

(k)
l,j (t)), i, j = 1, n− d.

Ââåäåì â ðàññìîòðåíèå ôóíêöèè

d
[k]

l,j (t) = b
(k)
l,j (t) + h

[k]
l,j (t),

d
[k]
l,j (t) = b

(k)
l,j (t)− h

[k]
l,j (t).

(4.16)

Ñ ó÷åòîì îöåíîê (1.3), (3.1)

d
[k]
l,j (t) 6 b

(k)
l,j (t) + δ

(k)
l,j (t) 6 d

[k]

l,j (t), t ∈ I, l = 1, n, j = 1, n− d, k = 0, r.

Äëÿ ñëåäóþùèõ ìàòðèö ïîñòðîèì ðàçáèåíèÿ íà áëîêè àíàëîãè÷íûå (4.15):
(Od En−d Onr)(Mr(t) + ∆Mr

(t))−1 = (M 0(t) M 1(t) . . . M r(t)),

(Od En−d Onr)(Mr(t)−∆Mr
(t))−1 = (M 0(t) M 1(t) . . . M r(t) ),

ãäå M k(t) = (m
[k]
i,l (t))i,l=1,n è M k(t) = (m

[k]
i,l (t))i,l=1,n. Äîïóñòèì, ÷òî

(Mr(t) + ∆Mr
(t))−1 > O, (Mr(t)−∆Mr

(t))−1 > O ∀t ∈ I. (4.17)

Òîãäà ïî ëåììå 4.1
0 6 m

[k]
i,l (t) 6 µ

[k]
i,l (t) 6 m

[k]
i,l (t) ∀t ∈ I.

Îòêóäà ïî ïðàâèëàì èíòåðâàëüíîãî óìíîæåíèÿ [14]
v
[k]
i,l,j(t) 6 µ

[k]
i,l (t)(b

(k)
l,j (t) + δ

(k)
l,j (t)) 6 v

[k]
i,l,j(t),

ãäå

v
[k]
i,l,j(t) =




m

[k]
i,l (t)d

[k]
i,l (t), t ∈ I : d

[k]
l,j (t) < 0,

m
[k]
i,l (t)d

[k]
i,l (t), t ∈ I : d

[k]
l,j (t) > 0,

(4.18)

v
[k]
i,l,j(t) =




m

[k]
i,l (t)d

[k]

i,l (t), t ∈ I : d
[k]

l,j (t) < 0,

m
[k]
i,l (t)d

[k]

i,l (t), t ∈ I : d
[k]

l,j (t) > 0.
(4.19)

Ïðåäñòàâëåíèÿ (4.18), (4.19) ïîçâîëÿþò ïîëó÷èòü èíòåðâàëû, â ïðåäåëàõ êîòîðûõ èçìåíÿ-
þòñÿ ýëåìåíòû ìàòðèöû U2(t) = (ui,j(t))i,j=1,n−d :

ui,j(t) 6 ui,j(t) 6 ui,j(t), t ∈ I,

ui,j(t) =

r∑

k=0

n∑

l=1

v
[k]
i,l,j(t), ui,j(t) =

r∑

k=0

n∑

l=1

v
[k]
i,l,j(t). (4.20)

Ïîñòðîèì ìàòðèöó Û2(t) = (ûi,j(t))i,j=1,n−d ïî ïðàâèëàì (4.9), (4.10).
Åñëè ôóíêöèè (4.20) ÿâëÿþòñÿ èçìåðèìûìè, òî ïî òåîðåìå 4.1 èç àñèìïòîòè÷åñêîé óñòîé÷è-

âîñòè ñèñòåìû (4.11) ñëåäóåò ðîáàñòíàÿ óñòîé÷èâîñòü ñèñòåìû (4.6). Åñëè ïðè ýòîì âûïîëíÿåòñÿ
óñëîâèå 2) òåîðåìû 4.3, òî ðàññóæäàÿ àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 4.3, ìîæíî ïîêàçàòü,
÷òî â ýòîì ñëó÷àå ñèñòåìà (1.2) áóäåò ðîáàñòíî óñòîé÷èâà.

Òàêèì îáðàçîì, ìû ïîëó÷èëè ñëåäóþùèé ðåçóëüòàò.
Òåîðåìà 4.5. Ïðåäïîëîæèì, ÷òî
1) èìåþò ìåñòî íåðàâåíñòâà (4.17),
2) ôóíêöèè ui,j(t) è ui,j(t) â (4.20) èçìåðèìû äëÿ âñåõ i, j = 1, n− d,
3) âûïîëíåíû óñëîâèÿ 1), 2) è 4) òåîðåìû 4.3.
Òîãäà ñèñòåìà (1.2) ðîáàñòíî óñòîé÷èâà îòíîñèòåëüíî îãðàíè÷åíèé (1.3), (3.1).
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Äëÿ äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèõ óðàâíåíèé ñ ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè è îã-
ðàíè÷åíèÿìè ìîæíî ïîëó÷èòü íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ðîáàñòíîé óñòîé÷èâîñòè.

Òåîðåìà 4.6. Ïðåäïîëîæèì, ÷òî
1) èìåþò ìåñòî íåðàâåíñòâà (4.17),
2) ôóíêöèè ui,j(t) è ui,j(t) â (4.20) èçìåðèìû äëÿ âñåõ i, j = 1, n− d è óäîâëåòâîðÿþò

íåðàâåíñòâàì (4.13),
2) âûïîëíåíû óñëîâèÿ 1)�3) òåîðåìû 4.4.
Òîãäà äëÿ ðîáàñòíîé óñòîé÷èâîñòè ñèñòåìû (1.2) îòíîñèòåëüíî îãðàíè÷åíèé (1.3), (3.1)

íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèÿ óñëîâèÿ (4.4), ãäå ρ(Ω(ω)) � ñïåêòðàëüíûé ðàäèóñ ìàò-
ðèöû ìîíîäðîìèè Ω(ω) ñèñòåìû (4.11).

Äîêàçàòåëüñòâî àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 4.4.
Çàìå÷àíèå 4.1. Â òåîðåìàõ 4.5 è 4.6 óñëîâèå îá èçìåðèìîñòè ôóíêöèé (4.20) ìîæíî çàìå-

íèòü òðåáîâàíèåì íåïðåðûâíîñòè. Èç ïðåäñòàâëåíèé (4.18)�(4.20) ñëåäóåò, ÷òî ôóíêöèè ui,j(t) è
ui,j(t) áóäó íåïðåðûâíû íà I, â ÷àñòíîñòè, åñëè ôóíêöèè (4.16) ñîõðàíÿþò çíàê ïðè âñåõ t ∈ I.
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